
Tonalness Equations
1. 


2. 


3. 


4. 


5. 


X( f ) = 2∫
∞

−∞
e−2πit f P(t) dt

Yh( f, t) =
2R(h f )

h ∫
∞

−∞

e
− (u − t)2

2 ̂σh( f )2 e−2πi(u−t)hf P(u)

2π ̂σh( f )
du

̂σh( f ) =
1

2πσh( f )

σh( f ) = κ ( 24.7
h

+ 0.107939f)

R( f ) =
121942 f 4

(f 2 + 20.62) (f 2 + 121942) (f 2 + 107.72) (f 2 + 737.92)
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Tonalness Equations
6. 


7. 


8. 


9. 


τ( f, t) =
∞

∑
h=1

Wh( f, t) Yh( f, t) exp ( iΦh( f, t)
h )

Wh( f, t) = If h = 1,1,1 −
Yh( f, t)

∑∞
g=1 Yg( f, t)

Φh( f, t) = arg (Yh (f, t0)) + ∫
t

t0

ℑ
∂Yh( f, u)

∂u

Yh( f, u)
du

P(t) =
n

∑
i=1

ai cos (2πbit + ci)
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Tonalness Equations
10. 


11. 


12. 


13. 


14. 


τ( f, t) =
∞

∑
h=1

n

∑
i=1

Wh( f, t)Uh,i( f )e
i(2π tbi + ci)

h

Uh,i( f ) =
li
h

e
− (hf − bi)2

2σh( f )2

li = aiR (bi)

Wh( f, t) = If h = 1,1,1 −
∑n

i=1 Uh,i( f )

∑n
i=1 ∑∞

g=1 Ug,i( f )

ψ1( f, t) = Maximize [τ( f, u)2, u ∈ |u − t | <
Tc

2 ]
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Tonalness Equations

15. 


16. 


17. 


18. 


19. 


ψ2( f, t) =
1
f

Maximize [ ∂τ( f, u)2

∂u
, u ∈ |u − t | <

Tc

2 ]

ψ1( f, t) =
∞

∑
h=1

n

∑
i=1

Wh( f, t)Uh,i( f )

ψ2( f, t) =
2π
f

∞

∑
h1=1

∞

∑
h2=1

n

∑
i1=1

n

∑
i2=1

Wh1
( f, t)Wh2

( f, t)Uh1,i1( f )Uh2,i2( f )
bi2

h2
−

bi1

h1

η(t) =
∫ ∞

−∞
ψ2( f, t)2 d f

∫ ∞
−∞

ψ1( f, t)2 d f

η(t) =
2π∑∞

h1=1 ∑∞
h2=1 ∑n

i1=1 ∑n
i2=1

Wh1( f, t)Wh2( f, t)γh1,h2,i1,i2
ϕh1,h2,i1,i2

bi2
h2

−
bi1
h1

∑∞
h1=1 ∑∞

h2=1 ∑n
i1=1 ∑n

i2=1 Wh1( f, t)Wh2( f, t)γh1,h2,i1,i2
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Tonalness Equations
20. 


21.  


22. 


23. 


ϕh1,h2,i1,i2 =
bi1h1 + bi2h2

h2
1 + h2

2

γh1,h2,i1,i2 =
li1li2σh1 (ϕh1,h2,i1,i2) σh2 (ϕh1,h2,i1,i2)

h1h2 h2
1σh1 (ϕh1,h2,i1,i2)

2
+ h2

2σh2 (ϕh1,h2,i1,i2)
2

exp −
(bi2h1 − bi1h2)

2

2 (h2
2σh1 (ϕh1,h2,i1,i2)

2
+ h2

1σh2 (ϕh1,h2,i1,i2)
2)

Ω (t1, t2) =
∫ ∞

−∞ (ψ1 (f, t1) − ψ1 (f, t2))
2

d f

∫ ∞
−∞ (ψ1 (f, t1) + ψ1 (f, t2))

2
d f

ψ1 (f, tx) =
∞

∑
h=1

nx

∑
i=1

Wh (f, tx) Uh,i,x( f )
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Tonalness Equations
24. 


25. 


26. 


27.  


Wh (f, tx) = If h = 1,1,1 −
∑nx

i=1 Uh,i,x( f )

∑nx
i=1 ∑∞

g=1 Ug,i,x( f )

Uh,i,x( f ) =
li,x
h

e
− (hf − bi,x)2

2σh( f )2

Ω (tt, t2) =
G (1,1) − 2G (1,2) + G (2,2)
G (1,1) + 2G (1,2) + G (2,2)

G (x, y) =
∞

∑
h1=1

∞

∑
h2=1

nx

∑
i1=1

ny

∑
i2=1

Wh1 (ϕh1,h2,i1,i2(x, y), tx) Wh2 (ϕh1,h2,i1,i2(x, y), ty) γh1,h2,i1,i2(x, y)

Page  of 6 7



Tonalness Equations
28.  




29. 


30.

γh1,h2,i1,i2(x, y) =
li1,xli2,yσh1 (ϕh1,h2,i1,i2(x, y)) σh2 (ϕh1,h2,i1,i2(x, y))

h1h2 h2
2σh1 (ϕh1,h2,i1,i2(x, y))

2
+ h2

1σh2 (ϕh1,h2,i1,i2(x, y))
2

exp −
(h2bi1,x − h1bi2,y)

2

2 (h2
2σh1 (ϕh1,h2,i1,i2(x, y))

2
+ h2

1σh2 (ϕh1,h2,i1,i2(x, y))
2)

ϕh1,h2,i1,i2(x, y) =
bi1,x

h1 + bi2,y
h2

h2
1 + h2

2

b(s) = b02
1
12 (s − s0)
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