
Tonalness Equations
1. 


2. 


3. 


4. 


5. 


6. 


7. 


X( f, t) = 2∫
∞

−∞
e

− (u − t)2

2σ2t e−2πiuf P(u) du

Y(h, f, t) =
σ ( f )
σf ( f ) ∫

∞

−∞
e

− (v − hf )2

2σf ( f )2 X (v,
t
h ) dv

τ( f, t) =
m

∑
k=1

1
gkhk

ℜ (Y (gk, f, t)) ℜ (Y (hk, f, t)) + ℑ (Y (gk, f, t)) ℑ (Y (hk, f, t))

σ ( f ) = κ (d1 + d2 f )

{d1, d2} = {24.7,0.107939}

σt =
1

2π κd1

σ ( f )2 = ( 1
2πσt )

2

+ σf ( f )2
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8. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


⇀Fr = {q1, q2, …, qm}

qk =
hk

gk

qk < qk+1

gk ∈ ℤ>0

hk ∈ ℤ>0

1 ≤ gkhk ≤ r

gcd (gk, hk) = 1

P(t) =
n

∑
i=1

ai cos (2πbit + ci)

Y(h, f, t) =
n

∑
i=1

Ui(h, f )(cos (2fπ t −
2π tbi

h
− ci) − i sin (2fπ t −

2π tbi

h
− ci))
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17. 


18. 


19. 


20. 


21. 


22. 


Ui(h, f ) = aie
− (hf − bi)2

2σ( f )2

τ( f, t) =
n

∑
i=1

n

∑
j=1

m

∑
k=1

Ui (gk, f ) Uj (hk, f )
gkhk

cos 2π t (
bj

hk
−

bi

gk ) + cj − ci

ψ1( f, t) = Maximize [ |τ( f, u) | , u ∈ |u − t | <
σt

2 ]

ψ2( f, t) =
1
f

Maximize [ ∂ |τ( f, u) |
∂u

, u ∈ |u − t | <
σt

2 ]

ψ1( f, t) =
n

∑
i=1

n

∑
j=1

m

∑
k=1

Ui (gk, f ) Uj (hk, f )
gkhk

ψ2( f, t) =
2π
f

n

∑
i=1

n

∑
j=1

m

∑
k=1

Ui (gk, f ) Uj (hk, f )
gkhk

bj

hk
−

bi

gk
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23. 


24. 


25. 


26. 


η(t) =
∫ ∞

−∞
ψ2( f, t) d f

∫ ∞
−∞

ψ1( f, t) d f

η(t) = 2π
∑n

i=1 ∑n
j=1 ∑m

k=1

γi, j,k
bj
hk

− bi
gk

gkhkϕi, j,k

∑n
i=1 ∑n

j=1 ∑m
k=1

γi, j,k

gkhk

ϕi, j,k =
bigk + bjhk

g2
k + h2

k

γi, j,k =
aiajσ (ϕi, j,k) 2π

g2
k + h2

k

exp −
(bjgk − bihk)

2

2 (g2
k + h2

k ) σ (ϕi, j,k)
2
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27. 


28.

Ω (t1, t2) =
∫ ∞

−∞ (ψ1 (f, t1) − ψ1 (f, t2))
2

d f

∫ ∞
−∞ (ψ1 (f, t1) + ψ1 (f, t2))

2
d f

b(s) = b02
1
12 (s − s0)
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